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Abstract
We prove descent theorems for K-theories of quasi-compact quasi-separated schemes of ﬁnite Krull
dimension.
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In this paper, we extend Thomason’s descent theorems [24]. If X is a quasi-separated and
quasi-compact scheme, we consider the algebraic, Thomason–Trobaugh and Bass K-theory
which are related by the maps
K(X) → KTT(X) → KB(X).
The question of descent is whether the map between a presheaf of spectra F on some
Grothendieck site X and its hypercohomology spectrum
F(X) → H(X,F( ))
is a weak equivalence. The homotopy groups of the hypercohomology spectrum are com-
puted by a spectral sequence. Thus, a related question is whether this hypercohomology
spectral sequence is strongly convergent.
∗ Corresponding author.
E-mail addresses: axr@math.buffalo.edu (A. Rosenschon), paularne@math.uio.no (P.A. ]stvær).
0022-4049/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2005.06.019
142 A. Rosenschon, P.A. ]stvær / Journal of Pure and Applied Algebra 206 (2006) 141–152
If  is the Zariski or the cd topology and F is Bass K-theory, Thomason has shown
descent for noetherian schemes of ﬁnite Krull dimension [23]; in these cases, the corre-
sponding spectral sequences are strongly convergent. If  is the étale topology, and F is
mod-Bousﬁeld localizedThomason–TrobaughK-theory,Thomason showed the analogous
results provided X satisﬁes additional assumptions which ensure ﬁnite étale cohomological
dimension. See also [10].
In case  is the Zariski or the restricted cd topology, we extend Thomason’s descent
results to quasi-compact and quasi-separated schemes of ﬁnite Krull dimension.
In the étale case, we prove that if X is quasi-compact and quasi-separated of ﬁnite Krull
dimension,  is invertible on X, and all residue ﬁelds of X have ﬁnite and uniformly bounded
mod- virtual étale cohomological dimension, the map for Bott periodic mod- Bass K-
theory
LKK
B/(X) → Het(X,LKKB/( ))
is a weak equivalence. If  = 2 this uses the resolution of the homotopy limit problem for
algebraic K-theory [19]. If  is odd it requires the Rost-Voevodsky theorem [20,25]. Our
proof implies that the map
KB/(X) → Ket/(X)
obtained by taking global sections of a Bott periodic globally ﬁbrant model for the Bass
K-theory presheaf of spectra on a sufﬁciently large étale site, becomes a weak equivalence
after inﬂicting Bott periodicity in the source.
If n is an integer, let ∼n denote a map of spectra which is a weak equivalence on (n)-
connected covers. We show the weak equivalences
KTT/(X)
∼n−−→ LKKTT/(X)
∼0
⏐⏐⏐⏐
⏐⏐⏐⏐∼
KB/(X) → LKKB/(X)
where n = sup{vcd(k(x)) − 2,−1}x∈X, and vcd(k(x)) is the mod- virtual étale coho-
mological dimension of the residue ﬁeld k(x) of a point x ∈ X.
1. Topologies
If X is a scheme, and  is a Grothendieck topology on X, we write X and X˜ for the
associated site and topos. We consider the following sites:
The Zariski site XZar of a scheme X has as objects open immersions U ↪→ X, and
{Ui ↪→ U} is a covering if⋃i Ui = U .
The étale site Xet of X [1, VII, Section 1]. Recall that U → X is an étale map if it is
locally ﬁnitely presented, ﬂat and unramiﬁed. The objects of Xet are étale X-schemes. A
family {i : Ui → U} of maps in Xet is an étale covering if
⋃
i i (Ui)=U . The restricted
étale site Xre´t of X consists of ﬁnitely presented étale X-schemes, with coverings induced
from Xet.
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The cd site Xcd has the same objects as Xet, i.e. étale X-schemes. A cd covering {i :
Ui → U} is an étale covering such that for u ∈ U there exists a point ui ∈ Ui and an
induced isomorphism of residue ﬁelds k(u) → k(ui) [15, Section 1].
The objects on the restricted cd site Xrcd are ﬁnitely presented étale X-schemes, and
coverings are induced from Xcd. If X is quasi-separated and noetherian, its cd topos and its
restricted cd topos coincide.
Note that forX quasi-compact and quasi-separated open immersions are ﬁnitely presented
[1, VII, Section 3, Proof of 3.2]. Hence for any such scheme we have an evident morphism
of sites XZar → Xrcd.
From [1, VII, Section 3] and [12, Section 2.10] we have
Lemma 1.1. (i) If X is a quasi-compact scheme, the Zariski topos, the restricted étale, and
the cd topoi of X are noetherian.
(ii) If X is a quasi-compact and quasi-separated scheme, the étale topos of X is noetherian.
An admissible system consists of a left ﬁltering category I and an I-diagram of schemes
 → X with afﬁne bonding maps [12, Section 2.10]. The inverse limit of such a system is
a scheme [8, IV, 8.2.3]. Since continuity holds for coherent topoi [1, VI, Sections 5 and 8],
Lemma 1.1 implies:
Corollary 1.2. Let = Zar, rcd or et. Let {X} be an admissible system of quasi-compact
and quasi-separated schemes with inverse limit X.
IfA is a continuous abelian sheaf on X such that there is a natural isomorphism
colim

A(X)
→A(X),
there is a natural isomorphism of cohomology groups
colim

H
p
 (X,A)
→Hp (X,A).
2. Cohomological dimension
We show for the restricted cd topos of a quasi-compact and quasi-separated scheme the
cohomological dimension is bounded by the Krull dimension.
In the Zariski topology, it is a classical result of Grothendieck that the cohomological
dimension of a noetherian scheme is bounded by its Krull dimension dim(X) [7, III, 3.6.5].
For noetherian schemes, one has the same bound in the cd or the Nisnevich topology [11,
1.2.5], [15, 1.22], [24, E.6], [14, 3.1.8].
An important impetus for us is the following generalization of Grothendieck’s result
proved by Scheiderer in [21].
Theorem 2.1 (Scheiderer [21]). Let X be quasi-compact and quasi-separated. Then
cd(X˜Zar) dim(X).
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A restricted cd neighborhood of u ∈ U , U → X an object of Xrcd, is a pointed map
(V , v) → (U, u) where V is a ﬁnitely presented étale X-scheme, and the induced map of
residue ﬁelds k(u) → k(v) is an isomorphism. IfNu is the coﬁltering category of such
neighborhoods, set
Uhu = lim
(V ,v)∈Nu
V .
The afﬁne restricted cd neighborhoods of u form a pseudo-ﬁltering coﬁnal subcategory of
Nu [1, VIII, 4.5]. Hence Uhu is the henselization of the Zariski local ring OU,u with respect
to its maximal ideal [18,VIII]. In the restricted cd topology of a Hensel local ring the global
section functor is exact.Moreover, amap between ‘continuous and globally deﬁned’sheaves
in the restricted cd topology is an isomorphism if and only if it is an isomorphism when
evaluated at henselizations of Zariski local rings. The Nisnevich topology for noetherian
schemes is generated by upper distinguished squares [14, 3.1.3, 3.1.4], that is by pullback
squares obtained from maps i : U → W and p : V → W , where i is an open immersion, p
is an étale map, and p−1(W\U) → (W\U) induces an isomorphism of reduced schemes.
Deﬁne restricted upper distinguished squares to be upper distinguished squares such that p
is ﬁnitely presented. Since coverings in the restricted cd topology have ﬁnite sub-covering
families, the coverings {i : U → W,p : V → W } where i and p form part of a restricted
upper distinguished square generate the restricted cd topology.
Theorem 2.2. Let X be quasi-compact and quasi-separated. Then
cd(X˜rcd) dim(X).
Proof (Compare [14]). Consider the Leray spectral sequence of f : X˜rcd → X˜Zar
E
p,q
2 = HpZar(X,Rqf∗A) ⇒ Hp+qrcd (X,A).
Theorem 2.1 shows that the Zariski cohomological dimension of X is bounded above by
the Krull dimension d = dim(X). We claim that Ep,q2 is the trivial group when p + q >d.
This follows provided for all points x ∈ X such that dim(OX,x)< q, the stalk (Rqf∗A)x
is trivial.
Let j :OX,x → X be the canonical map. Corollary 1.2 implies that the stalk at x can
be identiﬁed with the restricted cd-cohomology group Hp+qrcd (OX,x, j∗A). Thus we may
assume X is the Zariski spectrum of a local ring R.
If R is zero-dimensional, so that there are no non-maximal prime ideals, the theorem
follows because theNisnevich cohomological dimension of a noetherian scheme is bounded
by its Krull dimension. By induction, assume the theorem holds for local rings of Krull
dimension less than d > 0.
Let r be the unique closed point of Spec(R) and put
U = Spec(R)\{r}.
In particular, we have dim(U) = dim(R) − 1. The sheaf associated to the presheaf V →
Hd+1rcd (V ,A|V ) on Xrcd is trivial. Hence, for each element a ∈ Hd+1rcd (X,A) there exists an
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objectV ∈ Xrcd with ﬁberVr =Spec(k(r)) and such that the image a|V of a inHd+1rcd (V ,A)
is zero.
As in [14, 3.1.7] theMayer–Vietoris exact sequence associated to the distinguished square
{V → X,U → X} induces, since the Krull dimensions of U and the ﬁber product U×XV
are strictly less than d, an exact sequence
0 → Hd+1rcd (X,A) → Hd+1rcd (V ,A) → · · · .
This implies a = 0. Hence Hd+1rcd (X,A) is the trivial group. 
Let X′ be the scheme obtained from X by base change along the afﬁne map Z → Z[4],
where 4 is a primitive 4th root of unity. The mod- virtual étale cohomological dimension
of X is deﬁned as
vcd(X˜et) := cd(X˜′et).
For a ﬁeld k, let vcd(k) = vcd(˜Spec(k)et).
Theorem 2.3. Let X be quasi-compact and quasi-separated. Then
vcd(X˜et) dim(X) + sup{vcd(k(x))}x∈X.
Proof. For restricted étale cohomology groups, the claim follows from the Leray spectral
sequence relating restricted cd and restricted étale cohomology groups, and Theorem 2.2;
for further details we refer to [12, 2.8]. To deduce the result for étale cohomology groups,
recall that for quasi-compact and quasi-separated schemes, in particular afﬁne schemes, the
étale and restricted étale topoi are equivalent [1, VII, Section 3, 3.2]. 
3. Hypercohomology spectra
SupposeF is a presheaf of ﬁbrant spectra of simplicial sets on X. Hypercohomology
spectra and topos cohomology are related by the following Bousﬁeld–Kan type spectral
sequence [4, XI, Section 7], [23]
E
p,q
2 (X,F) = Hp (X, ˜qF( )) ⇒ q−pH(X,F( )). (1)
In the terminology of [2], this is a right-half plane conditionally convergent spectral
sequence with entering differentials. The edge homomorphism coincides with the map
induced on homotopy groups by the unit map F(X) → H(X,F( )). The r-th differ-
ential dr has bidegree (r,−r + 1). As an immediate consequence of Theorem 2.1 and
Theorem 2.2 we note the following.
Corollary 3.1. Let X be quasi-compact and quasi-separated of ﬁnite Krull dimension.
If  is either the Zariski or the restricted cd topology, the hypercohomology spectral
sequence (1) is strongly convergent.
Let  be a primewhich is invertible onX. To identify theE2-terms of the spectral sequence
(1) forF= KTT/( ) we use that for schemes with a family of ample line bundles there
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is a weak equivalence between the integral K-theories of Quillen and Thomason–Trobaugh
[24, 3.10].
Since any scheme has locally an ample family of line bundles, we have for all q an
isomorphism of sheaves
˜qK/
( )˜qKTT/( ).
Using the rigidity theorems in algebraic K-theory for strict Hensel local rings [6] and
for algebraically closed ﬁelds [22], we may identify the étale sheaﬁﬁed stable homotopy
groups of the algebraic K-theory presheaf with sheaves of twisted roots of unity. Thus
the hypercohomology spectral sequence (1) for mod- Thomason–Trobaugh K-theory is
concentrated in the fourth quadrant and has the following E2-page:
E
p,q
2 (Xet,K
TT/) =
{
H
p
et (X, 
⊗i
 ), q = 2i0,
0, q > 0 odd,
⇒ q−pHet(X,KTT/( )). (2)
LetK denote the complexK-theory spectrum and letLK be the corresponding Bousﬁeld
localization functor. After inﬂicting Bott periodicity, we have étale sheaf isomorphisms
˜qLKK/
( )
→ ˜qLKKTT/( ) → ˜qLKKB/( ).
Thus, for Bott periodic mod- Bass K-theory the spectral sequence (1) is a right half-plane
spectral sequence with E2-page:
E
p,q
2 (Xet, LKK
B/) =
{
H
p
et (X, 
⊗i
 ), q = 2i,
0, q odd,
⇒ q−pHet(X,LKKB/( )). (3)
If  is an odd prime, the spectral sequence (2) has a multiplicative structure using [5,16].
With mod 2 coefﬁcients it is easy to check that (2) cannot have a multiplicative structure.
In this case, one uses Oka’s module action of the mod 4 by the mod 2 Moore spectrum [16,
Section 6] and Jardine’s method [9, Section 5] to construct a pairing of the mod 2 and mod 4
KTT-theory hypercohomology spectral sequences
 : Ep,qr (Xet,KTT/4) ⊗ Ep
′,q ′
r (Xet,K
TT/2) → Ep+p′,q+q ′r (Xet,KTT/2). (4)
On E2-pages the pairing coincides with the cup-product map in étale cohomology. Let
dr,n denote the dr -differential in the mod n spectral sequence, where n = 2, 4. Then the
differentials satisfy the Leibniz rule
dr,2((x ⊗ y)) = (dr,4(x) ⊗ y) + (x ⊗ dr,2(y)). (5)
There is an analogous pairing for (3). Let  ∈ 1(S0) be the ﬁrst Hopf class. We also
denote by  the image of this class under a unit map.An inﬁnite cycle in a spectral sequence
is a class for which every differential vanishes.A permanent cycle is an inﬁnite cycle which
is not a boundary.
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Proposition 3.2. Let  = 2 in the spectral sequences (2) and (3).
(i) There exists a permanent mod 4 cycle v41 in bidegree (0,−8) such that v41 is an
isomorphism for all r2.
(ii) If y is an inﬁnite cycle, then (3 ⊗ y) is an inﬁnite cycle which is not permanent.
Proof. The proof of (i) proceeds as in [19, 2.7]. To prove (ii), we ﬁrst consider the afﬁne
scheme Z[−1]. The mod- version of Mitchell’s work on hypercohomology spectra of real
number rings and (i) show that (2) and (3) are strongly convergent and Het(Z[−1],KTT/
( )) is amodel for the ‘connective’mod- étaleK-theory spectrumofZ[−1] [13].Mitchell’s
work implies further that Het(Z[−1], LKKTT/( )) is a model for the Bott periodic mod-
 étale K-theory spectrum of Z[−1]. The mod 4 reduction of 3 is trivial in the étale
K-theory of Z[−1] by the Quillen–Lichtenbaum conjecture for real number ﬁelds at the
prime  = 2 [17]. For general X, we combine the above with the Leray spectral sequence
for X → Spec(Z[−1]) and naturality of (1). 
Theorem 3.3. LetXbeaquasi-compact andquasi-separated schemewith1/ ∈ (X,OX).
Assume X has ﬁnite Krull dimension, and assume the residue ﬁelds of X have uniformly
bounded ﬁnite mod- virtual étale cohomological dimension. Then the hypercohomology
spectral sequences for KTT/( ) and LKKB/( ) are strongly convergent.
Proof. Since the spectral sequence (1) is conditionally convergent, it sufﬁces to show that
every dr -differential vanishes for r sufﬁciently large [2, 7.3]. When  = 2 and X satisﬁes
vcd(X˜et)< cd(X˜et)=∞, which is the only non-trivial case, we show this using the pairing
(4). Consider the long exact restriction-corestriction sequence
· · · → Hpet (X, 2) res→Hpet (X′, 2) cor→Hpet (X, 2)
→Hp+1et (X, 2) res→· · · . (6)
Fix integers p, q such that p> dim(X) + sup{vcd(k(x))}x∈X and q0. By Theorem
2.3 we have Hret(X′, 2) = 0 for rp. Thus, the long exact sequence (6) implies that for
rp we have isomorphisms of E2-terms
 : Er,q2 (Xet,KTT/2( ))
→Er+1,q−22 (Xet,KTT/2( )). (7)
Suppose x is a class in Ep+3,q−62 (Xet,KTT/2( )). Then the isomorphisms (7) show there
exists a class y in bidegree (p, q) such that x = (3 ⊗ y). When x is a non-trivial inﬁnite
cycle, the Leibniz rule (5) implies that y is an inﬁnite cycle. Proposition 3.2 shows that the
class x is in the image of a non-trivial differential. The spectral sequence (2) has entering
differentials, so by applying (4) to inﬁnite cycles and themod 4 classes  and v41,we conclude
it collapses. A verbatim argument applies to (3). 
The strong convergence of the hypercohomology spectral sequence (1) is essential to the
proofs of many results concerning hypercohomology spectra. Corollary 3.1 and Theorem
3.3 allow us to eliminate the assumption of a noetherian scheme. In our list of corollaries we
make the following assumptions: X is a quasi-compact and quasi-separated scheme of ﬁnite
Krull dimension, and either (i)  is the Zariski or the restricted cd topology, or (ii)  is the
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étale topology,  is invertible on X, the residue ﬁelds of X have ﬁnite and uniformly bounded
mod- virtual étale cohomological dimension, andF= KTT/( ) orF= LKKB/( ).
Corollary 3.4. Let {X} be an admissible system of quasi-compact and quasi-separated
schemes with inverse limit X. Suppose there is a natural weak equivalence
colim

F(X)
∼→ F(X).
Then there is a natural weak equivalence
colim

H(X,F)
∼→ H(X,F).
LetOshX,x be the strict Hensel local ring at a point x ∈ X. Then the stalk of the étale presheaf
spectrum Het(−,F) at x is Het(OshX,x,F).
Proof. Compare with [12, Section 3.2] and [12, Proof of 3.9]. 
A presheaf of spectra is globally ﬁbrant if it is ﬁbrant in Jardine’s model structure [9].
Theorem 3.3 and [12, Proof of 3.20], see also [13, 6.1], imply
Corollary 3.5. The hypercohomology presheaf spectrum H(−,F) associated to a pre-
sheaf of spectraFonX is globally ﬁbrant and there is a natural stalkwiseweak equivalence
F→ H(−,F).
IfF is globally ﬁbrant the above map is a schemewise weak equivalence.
Thus Thomason’s hypercohomology spectrum construction yields globally ﬁbrant models
for KTT/( ) and LKKB/( ) when  is the étale topology, and hence models for the étale
Bass and étale Thomason–Trobaugh K-theories obtained from global sections.
Corollary 3.6. LetF be a presheaf of -torsion spectra on X. If = et, letF=KB/( ).
Then there is a naturally induced weak equivalence
LKH(X,F)
∼→ H(X,LKF).
Proof. Since K is smashing [3, 4.7], this follows for cd(X˜)<∞ from [12, 3.12]. In
case cd(X˜et) = ∞, our assumptions imply vcd(X˜et)<∞, see Theorem 2.3. Let C2 be
the group generated by complex conjugation and consider the commutative diagram of
homotopy ﬁxed point spectra
LKHet(X,F) → Het(X,LKF)
∼
⏐⏐⏐⏐
⏐⏐⏐⏐∼
LKHet(X
′,F)hC2 ∼−−→ Het(X′, LKF)hC2
The vertical maps are weak equivalences by Corollary 3.5, and the lower horizontal map is
a weak equivalence by the case of ﬁnite cohomological dimension. 
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4. Descent theorems
We extend Thomason’s descent theorems for noetherian schemes [23, Section 10] to
quasi-compact and quasi-separated schemes of ﬁnite Krull dimension. In the étale topology,
we consider K-theories with ﬁnite coefﬁcients. When  = 2, this eliminates assumptions
such as Tate-Tsen ﬁltrations and
√−1 ∈ OX [24, Section 11], or non-exceptional schemes
[10].
Theorem 4.1. Let X be quasi-compact and quasi-separated of ﬁnite Krull dimension.
Assume  is the Zariski or the restricted cd topology. There is a natural weak equivalence
KB(X)
∼→ H(X,KB( )),
and a strongly convergent spectral sequence
H
p
 (X, ˜qK
B( )) ⇒ KBq−p(X).
Proof. By [24, C.9] we can write X as the limit of an admissible system of noetherian
schemes of ﬁnite Krull dimension. Both the Bass K-theory and the Bass K-theory hyperco-
homology presheaf spectrum are continuous in the Zariski, and in the restricted cd topology,
see [24, 7.2] and Corollary 3.4. Thus the result follows from Thomason’s theorems, i.e. [24,
10.3] for the Zariski topology and [24, 10.8] for the Nisnevich topology. 
Our proof of étale descent for Bott periodic mod- Bass K-theory uses
Theorem 4.2 (Rosenschon and ]stvær [19]). Let X be a separated noetherian regular
scheme of ﬁnite Krull dimension. Assume all residue ﬁelds of X have characteristic different
from  = 2. Then the mod- algebraic to étale K-theory map
K/(X) → Ket/(X)
is a weak equivalence on sup{vcd(k(x))− 2}x∈X-connected covers. If all residue ﬁelds of
X have ﬁnite mod- virtual étale cohomological dimension
LKK/(X)
∼→Ket/(X).
Theorem 4.3. LetXbeaquasi-compact andquasi-separated scheme.Assumedim(X)<∞,
1/ ∈ (X,OX), and the residue ﬁelds of X have ﬁnite and uniformly boundedmod- virtual
étale cohomological dimension.
There is a natural weak equivalence
LKK
B/(X)
∼→ Het(X,LKKB/( )),
and a strongly convergent spectral sequence
H
p
et (X, ˜qLKK
B/( )) =
{
H
p
et (X, 
⊗i
 ), q = 2i
0, q odd
⇒ LKKBq−p/(X).
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Proof. WefollowThomason’s approach in [24, 11.5].Theﬁrst statement implies the second,
cf. (3) and Theorem 3.3. To prove the weak equivalence we produce a commutative diagram
of weak equivalences:
LKK
B/(X) → Het(X,LKKB/( ))
∼
⏐⏐⏐⏐
⏐⏐⏐⏐∼
Hrcd(X,LKK
B/( ))
∼−−→ Hrcd(X,Het(X,LKKB/( )))
(8)
Theorem4.1andCorollary 3.6 imply the left verticalmap is aweak equivalence. Corollary
3.5 shows that Het(−, LKKB/( )) is a globally ﬁbrant model forLKKB/( ) on the étale
site of X. Since the étale topology is ﬁner than the restricted cd topology, globally ﬁbrant
presheaves of spectra on Xet are globally ﬁbrant on Xrcd. Hence, again by Corollary 3.5,
there is a schemewise weak equivalence of globally ﬁbrant presheaves of spectra
Het(X,LKK
B/( )) → Hrcd(X,Het(X,LKKB/( ))).
Thus the right vertical map in (8) is a weak equivalence. For the lower vertical weak
equivalence we use that by Corollary 3.1 the hypercohomology spectral sequence (1) in
the restricted cd topology is strongly convergent. Thus, it sufﬁces to prove there is a sheaf
isomorphism
LKK
B/( )
→ Het(X,LKKB/( )).
Since LK is smashing, continuity of Bass K-theory [24, 7.2] and Corollary 3.4, continuity
of étale hypercohomology, show it sufﬁces to consider Hensel local rings of ﬁnite mod-
virtual étale cohomological dimension.
Suppose that A is a Hensel local ring with residue ﬁeld k. Then the site morphism
Spec(A)et → Spec(k)et induces isomorphisms in cohomology [1, VIII, 8.6]. Theorem
3.3 and the assumption on ﬁnite mod- virtual cohomological dimension imply the right
vertical weak equivalence in:
LKK
B/(A) → Het(A,LKKB/( ))
∼
⏐⏐⏐⏐
⏐⏐⏐⏐∼
LKK
B/(k)
∼−−→ Het(k, LKKB/( ))
(9)
Gabber rigidity [6] shows the left vertical map in (9) is a weak equivalence. If  = 2, the
lower horizontal map is a weak equivalence by Theorem 4.2. If  is odd, the same map is a
weak equivalence by [20] and [25]. 
Corollary 4.4. Let X be as in 4.3. If Hpet (X, ⊗q ) is a ﬁnite group for all p, q, then the
homotopy groups of LKKB/(X) are ﬁnite.
Theorem 4.5. Let X be as in 4.3. Then there is a weak equivalence
KB/(X) → LKKB/(X)
on sup{vcd(k(x)) − 2}x∈X-connected covers.
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Proof. As inTheorem4.3 one reduces to ﬁeldswith ﬁnitemod-virtual étale cohomological
dimension, and uses [6,19,20,25]. 
Corollary 4.6. Let X be as in 4.3. If Hpet (X, ⊗q ) is a ﬁnite group for all p, q, the homotopy
groups of KB/(X) are ﬁnite on sup{vcd(k(x)) − 2}x∈X-connected covers.
By [24, 6.6] there is a weak equivalence on (0)-connected covers
KTT/(X)
∼0→KB/(X).
If −1KB(X) has no non-trivial elements of exponent , this is a weak equivalence on (−1)-
connected covers by the universal coefﬁcient sequence. Thus, Theorems 4.3 and 4.5 have
obvious analogs for KTT-theory. Theorems 4.3 and 4.5 allow us to prove a generalization
of Thomason’s integral descent theorem [24, 11.11].
Theorem 4.7. Let X be a quasi-compact and quasi-separated scheme of ﬁnite Krull di-
mension. Assume S is a set of primes such that for all  ∈ S, 1/ ∈ (X,OX) and all
residue ﬁelds of X have ﬁnite uniformly bounded mod- virtual étale cohomological di-
mension. Let − ⊗ Z(S) be the localization which inverts all primes not in S. Then on
sup{vcd(k(x)) − 2}x∈X-connected covers there is a weak equivalence
KB(X) ⊗ Z(S) ∼→ Het(X,KB( ) ⊗ Z(S)).
Moreover, there is a weak equivalence
LKK
B(X) ⊗ Z(S) ∼→ Het(X,LKKB( ) ⊗ Z(S)).
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